Abstract. In this paper we s h o w that the windings of geodesics around the cusps of a Riemann surface of nite area, behave asymptotically as independent Cauchy variables.
Introduction.
In this paper we show that the windings of geodesics around the cusps of a Riemann surface of nite area, behave asymptotically as independent Cauchy variables. Results of this type were originally given for Brownian paths. The original proof of 16] for the winding of planar Brownian motion around the origin was analytic. This theory was developed in many works including 1], 2], 14], 9] and 12] using excursion theory and geometric ideas. The idea that such a result might hold for geodesics is suggested by the central limit theorem of Ratner 13] and Sina , and the logarithm iterated law discovered by Sullivan 17] . Using coding theory a proof is given in 3] and 4] for modular surfaces. In the note 10], it was brie y shown that this result could be extended to arbitrary Riemann surfaces, by a simple argument t h a t reduced the problem to the Brownian case. However, in these works, the contribution e i t of each cusp C i was not identi ed. The asymptotic was actually obtained for linear combinations P i e i t under the condition that P i = 0 . We show that this condition is unnecessary, using the relation between the Brownian motion on the stable foliation and the geodesic ow which was obtained in 11] . It is reasonable to think that the constant curvature assumption could berelaxed as in 7], 8].
2. Presentation of the result. Let M be a surface of constant negative curvature with nite area, represented as the quotient of the hyperbolic plane H, under the action of a Fuchsian group ;.
The well known model of the hyperbolic plane, using the upper half-plane C + with the metric dl 2 = (dx 2 + dy 2 )=y 2 (y > 0), can be transformed into the model of the open unit disc via a conformal map, the metric being then dl 2 = dx 2 + dy 2 (1 ; x 2 ; y 2 ) 2 x 2 + y 2 < 1 :
In the representation of the disc, there exists a polygon (whose edges are geodesics) which is a fundamental domain for ;. There comes out some invariants of the group, (independent from the choice of the system of generator) like its genus g and the multiplicity of the vertices of the polygon. M in our case, will be the union of a compact part and of n cusps C 1 C 2 : : : C n , a cusp beingthe region of the polygon limited by t wo geodesics going at in nity to the same point of the boundary of the hyperbolic plane (though it is non compact, this region remains of nite area). Let m be the normalized Liouville measure on the unit tangent bundle T 1 M. Functions on T 1 M can be viewed as random variables on the probability space (T 1 M B m ) (B denoting the Borel -eld on
We denote by t the geodesic ow o n T 1 M, which preserves m and is known to be ergodic 5].
Let ! bea 1-form on M: we assume that d! vanishes in a neighbourhood U i of each cusp C i . Let i denote the residue of ! at C i (which is the integral of ! along a loop around C i , included in U i , which doesn't depend on the loop as far as this form is locally closed). Finally from the theorem we get the independence of the limit from the choice of the neighbourhoods.
If fẽ i t : 1 i ng is de ned using a di erent system of neighbourhoodsfŨ i : 1 i ng, ( 3. Reduction of the problem.
We shall denote by p the canonical projection of H on M and by the canonical projection of T 1 M on M.
Each cusp C i is represented by a ;-orbit on the boundary of H, i.e. the projective line R 1. Picking up an element C i in that orbit we can choose i in P S L 2 (R) such that ;1 i (1) = C i . The subgroup of ; which consists of the elements which x C i , can be written f ;1 i + nX i i n 2 Zg where X i is a positive n umberindependent of the choice of C i and i .
We de ne a fundamental domain F i of ; contained in f ;1 i z : 0 x X i g, and containing R h i =4 = f ;1 i z : 0 x X i y h i =4g for some positive h i . Choosing h i large enough, we can take U i = p(R h i =4 ) and assume the U i 's are disjoint. We shall denote p(R h i =3 ) by V i and p(R h i ) by W i .
Lastly Since t preserves m, F i ( t ) is a stationary process, so the middle term converges to 0 in probability (without any assumptions on the integrability o f F). 4. Expression of .
We shall rst introduce a fundamental domain for T 1 M, a s i t w as already for M: It can beeasily seen that i ( ) and y i ( )=h i have a geometrical interpretation: y i =h i is the exponential of the distance from ( ) to the boundary of W i .
i is the angle between the geodesic going from ( ) to C i and the geodesic f t t 0g.
We can deduce, from the de nition of the following expression of in the y i , i coordinates
for all 2 T 1 M (it is worth remarking that although is a function on T 1 M, it depends only on 2 dimensions 
Let us nally introduce the functioñ
The interest of this function lies in the following: (the explanation of the choice of this normalization will appear in Lemma 10). We shall denote z t = x t + i y t . N.B. T z t is a Brownian motion on the leaf T z (in the matricial sense).
The relation between both ows is given in the following lemma: The di culty lies in the fact that ! is not a priori harmonic, and so the integral R t 0 h! dz s i is not a martingale, so that we cannot directly treat the problem using excursion theory as it was done in 10]. Let us examine the integral (we denote s = T z s ) 
We notice that the last term describes the \lack of harmonicity" of the form ! . Indeed (L 0 + L +~ ; = 0) as soon as ! is harmonic and we can then see that R t 0 h! dz s i is a martingale.
We s h o w that the second term has no in uence on the limit by t h e ergodic theorem, proving that L 0 + L +~ ; is in L 1 (m), and that its mean value is equal to 0. For that purpose we shall prove two lemmas: The ergodic theorem for additive functionals (e.g. 14]) yields the almost sure convergence of L i t =t towards X i =(jMj h i ). As S t =t ;! 1, L i S t =t converges also, almost surely, towards X i =(jMj h i ).
The expectation of the excursion lifetime equals 
